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x ≼ y iff

n−1∑
i=1

(yi − xi)
2 ≤ (y0 − x0)

2 and x0 ≤ y0

x ≪ y iff

n−1∑
i=1

(yi − xi)
2 < (y0 − x0)

2 and x0 < y0

L(⟨Rn,≼⟩) = S4.2 (= L(⟨Rn,≪⟩))

L(⟨Rn,≪⟩) = OI.2

Example: 2-D Minkowski Spacetime (R2)

t

x

= x0

Goldblatt, “Diodorean modality in Minkowski spacetime”, 1980

Shapirovsky and Shehtman, “Chronological Future Modality in Minkowski Spacetime”, 2002
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– What properties are inherent in all spacetimes?

– How do the logics change as the physical/causal properties of spacetime changes?
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Main Research Questions



– x ≪ y iff there exists a timelike curve (moving

slower than lightspeed) from x to y ;

– x → y iff there exists a lightlike curve (moving at

lightspeed) from x to y , or x = y (i.e., x ≼ y and

not x ≪ y);

– x ≼ y iff there exists a causal curve (moving up to

lightspeed) from x to y , or x = y ;

– x α y iff there exists a causal curve from x to y

(read as “y happens after x”);

– x ≪ y iff there exists a timelike curve from x to y ,

or x = y .

t

x

lightlike

timelike
causal
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– ≪ is 2-dense and serial;

– α is serial;

– ≪, ≪, α, ≼ are transitive, dense;

– ≼, ≪,→ are reflexive.

The Push-up Rule

x ≪ y ≼ z =⇒ x ≪ z

x ≼ y ≪ z =⇒ x ≪ z

(≼ can be replaced with any other

relation)

t

x
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Φ

Φ−1

t

x
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Φ

Φ−1

t

x
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Corollary (4.1)

Let M be a spacetime. Then, we have that

(i) S4 ⊆ L(⟨M,≪⟩),L(⟨M,≼⟩);

(ii) OI ⊆ L(⟨M,≪⟩);

(iii) D4 + ad ⊆ L(⟨M, α⟩).

8

General Spacetimes + Modal Logic (Trivial Results)



aαf := ♢(♢(p1 ∧ ¬p2 ∧□¬p2) ∧ ♢(p2 ∧ ¬p1 ∧□¬p1)) ∧ ♢q

→ ♢(♢p1 ∧ ♢q) ∨ ♢(♢p2 ∧ ♢q).

This formula is Sahlqvist (so canonical) and corresponds to the depicted FO-property:

x

y

y1 y2

z

¬Ry2 ¬Ry1

t

9

The After Formula
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⟨Rn, α⟩ |= aαf

Shapirovsky and Shehtman, “Modal Logics of Regions and Minkowski Spacetime”, 2005

x

y

y1 y2

z

¬Ry2 ¬Ry1

t

t

x

y

y1 y2

z

t
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Want to show for a general spacetime, M with α:

⟨M, α⟩ |= aαf

– Have x α y α y1, y2, x α z; want t such that x α t α yi , z

– Main observation: if x ≪ y1, y2, or z, can find t easily

– In case where x ≪ y α y1, y2 can use Push-up Rule to get

x ≪ y1

– Main case to consider: x → y → y1, y2, x → z

Push-Up Rule

x ≪ y ≼ z =⇒ x ≪ z

x ≼ y ≪ z =⇒ x ≪ z

11
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– Consider x → y → y1, y2,

x → z

– Take neighbourhood around

last common point (y ′)

– Map to Minkowski space

– Use lemma for Minkowski

spacetime to get z

– Pull chronological line back

out

– Push-up Rule gives x ≪ yi

Obtain ⟨M, α⟩ |= aαf

Global Spacetime

•
x

•
y

• y ′

•
y1

•
y2

•

• •

Φ

Φ−1

Local Minkowskian

• Φ(y ′)

•
z

•
z1

•
z2
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aαf := ♢(♢(p1 ∧ ¬p2 ∧□¬p2) ∧ ♢(p2 ∧ ¬p1 ∧□¬p1)) ∧ ♢q

→ ♢(♢p1 ∧ ♢q) ∨ ♢(♢p2 ∧ ♢q),

Is also Sahlqvist and corresponds to FO-property:

x

y1 y2 z

¬Ry2 ¬Ry1

t
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⟨R2, α⟩ |= aα2f

x

y1 y2 z

¬Ry2 ¬Ry1

t

t

x

y1 y2

z

t

Shapirovsky and Shehtman, “Modal Logics of Regions and Minkowski Spacetime”, 2005
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For a general 2-dimensional spacetime M:

⟨M, α⟩ |= aα2f

Have x α y1, y2, z and ¬yi α yj ; want t such that x α t α yi , z

Proof is essentially a combination of:

– can map to 2-D Minkowski spacetime around points

– there are only two lightlines in 2-D Minkowski space

Map points on the various curves of y1, y2, z near x and map to Minkowski

, then a suitable

point can be found and mapped back to M

For n ≥ 3: ⟨Rn, α⟩ ̸|= aα2f ; for arbitrary n-dimensional spacetime: probably ⟨M, α⟩ ̸|= aα2f

15

2-D After Formula for General Spacetimes



For a general 2-dimensional spacetime M:

⟨M, α⟩ |= aα2f

Have x α y1, y2, z and ¬yi α yj ; want t such that x α t α yi , z

Proof is essentially a combination of:

– can map to 2-D Minkowski spacetime around points

– there are only two lightlines in 2-D Minkowski space

Map points on the various curves of y1, y2, z near x and map to Minkowski

, then a suitable

point can be found and mapped back to M

For n ≥ 3: ⟨Rn, α⟩ ̸|= aα2f ; for arbitrary n-dimensional spacetime: probably ⟨M, α⟩ ̸|= aα2f

15

2-D After Formula for General Spacetimes



For a general 2-dimensional spacetime M:

⟨M, α⟩ |= aα2f

Have x α y1, y2, z and ¬yi α yj ; want t such that x α t α yi , z

Proof is essentially a combination of:

– can map to 2-D Minkowski spacetime around points

– there are only two lightlines in 2-D Minkowski space

Map points on the various curves of y1, y2, z near x and map to Minkowski

, then a suitable

point can be found and mapped back to M

For n ≥ 3: ⟨Rn, α⟩ ̸|= aα2f ; for arbitrary n-dimensional spacetime: probably ⟨M, α⟩ ̸|= aα2f

15

2-D After Formula for General Spacetimes



For a general 2-dimensional spacetime M:

⟨M, α⟩ |= aα2f

Have x α y1, y2, z and ¬yi α yj ; want t such that x α t α yi , z

Proof is essentially a combination of:

– can map to 2-D Minkowski spacetime around points

– there are only two lightlines in 2-D Minkowski space

Map points on the various curves of y1, y2, z near x and map to Minkowski

, then a suitable

point can be found and mapped back to M

For n ≥ 3: ⟨Rn, α⟩ ̸|= aα2f ; for arbitrary n-dimensional spacetime: probably ⟨M, α⟩ ̸|= aα2f

15

2-D After Formula for General Spacetimes



For a general 2-dimensional spacetime M:

⟨M, α⟩ |= aα2f

Have x α y1, y2, z and ¬yi α yj ; want t such that x α t α yi , z

Proof is essentially a combination of:

– can map to 2-D Minkowski spacetime around points

– there are only two lightlines in 2-D Minkowski space

Map points on the various curves of y1, y2, z near x and map to Minkowski, then a suitable

point can be found and mapped back to M

For n ≥ 3: ⟨Rn, α⟩ ̸|= aα2f ; for arbitrary n-dimensional spacetime: probably ⟨M, α⟩ ̸|= aα2f

15

2-D After Formula for General Spacetimes



For a general 2-dimensional spacetime M:

⟨M, α⟩ |= aα2f

Have x α y1, y2, z and ¬yi α yj ; want t such that x α t α yi , z

Proof is essentially a combination of:

– can map to 2-D Minkowski spacetime around points

– there are only two lightlines in 2-D Minkowski space

Map points on the various curves of y1, y2, z near x and map to Minkowski, then a suitable

point can be found and mapped back to M

For n ≥ 3: ⟨Rn, α⟩ ̸|= aα2f ; for arbitrary n-dimensional spacetime: probably ⟨M, α⟩ ̸|= aα2f

15

2-D After Formula for General Spacetimes
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cNTV and Chronological

Causal

(Past-/Future-) Distinguishing

(past/future of points

are distinct)

(no modal formula)

Strongly Causal

Stably Causal

Globally Hyperbolic
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D4da := D4 + ad (♢p → ♢♢p) + aαf Spacetime Modal Logic Containment (L = L(⟨M, ◁⟩))
Spacetime Type (M) ≪ α ≪ / ≼

No class

S4 ⊆ L S4 ⊆ L S4 ⊆ L

Non-Totally Vicious

OI ⊆ L

Chronological

OI + (Gabb) ⊆ L

Causally Non-Totally Vicious

OI D4da ⊆ L

cNTV and Chronological

OI + (Gabb) ⊆ L

Casual

D4da + (Gabb) ⊆ L

Distinguishing

...
...

Globally hyperbolic

OI + (Gabb) ⊆ L D4da + (Gabb) ⊆ L S4 ⊆ L
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– Showed that key property enjoyed by Minkowski spacetime (aαf ) are also enjoyed by

general spacetimes

– Showed that unique property enjoyed by 2-D Minkowski spacetime (aα2f ) are also

enjoyed by general 2-D spacetimes

– Investigated how modal logics of causal relations change on the causal ladder
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Modal Logic of α in Minkowski space

L(⟨R2, α⟩) = D4 + ad + aα2f+?

L(⟨Rn, α⟩) = ?

Completeness

For M non-totally vicious spacetime:

L(⟨M,≼⟩) ⊆ S4.2?

(similarly for ≪ with OI.2, α with ?.2)

Modal link with Push-up Rule

x ≪ y ≼ z =⇒ x ≪ z

x ≼ y ≪ z =⇒ x ≪ z

Corresponds to formulae in modal

logic?

Extensions to more expressive logics (CTL,

tense logic, . . . )

ϕ

≈ AFϕ
Domain of

Dependence

19

Open Questions
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ad3,2 := ♢p1 ∧ ♢p2 ∧ ♢p3 → ♢(♢p1 ∧ ♢p2) ∨ ♢(♢p1 ∧ ♢p3) ∨ ♢(♢p2 ∧ ♢p3)

For normal modal logic, Λ,

Λ + ad3,2 + aαf ≡ Λ + ad + aα2f

(may require Λ to be transitive.)

20

(3,2)-Density and aα2f
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